Abstract. If R is a ring with involution, and a † is the Moore-Penrose inverse of a ∈ R, then the element a is called:
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and one of the following equivalent conditions holds:
(ii) aaa * = aa * a.
In paper [1] , O.M. Baksalary, G.P.H. Styan and G. Trenkler used the representation of complex matrices provided in [6] to explore various classes of matrices, such as partial isometries, EP and star-dagger elements. Inspired by [1] , in this paper we use a different approach, exploiting the structure of rings with involution to investigate partial isometries, EP and star-dagger elements. We give several characterizations, and the proofs are based on ring theory only. The paper is organized as follows: In Section 2, characterizations of MP-invertible or both MP-invertible and group invertible partial isometries in rings with involution are given. In Section 3, star-dagger, group invertible and EP elements in rings with involution are investigated.
Characterizations of partial isometries.
In the following theorem, we present some equivalent conditions for the Moore-Penrose invertible element a of a ring with involution to be a partial isometry. 
Proof. If a is a partial isometry, then a * = a † . It is not difficult to verify that
Conversely, to conclude that a is a partial isometry, we show that either the condition a * = a † is satisfied, or one of the preceding already established condition of this theorem holds.
(i) By the equality a
(ii) The equality a
Thus, the condition (i) is satisfied, so a is a partial isometry.
(iii) Multiplying a # a * a = a # by a † from the right side, we get
Hence, the equality (ii) holds, and a is a partial isometry.
In the following theorem, we give necessary and sufficient conditions for an element a of a ring with involution to be a partial isometry and EP. It should be mentioned that the following result generalizes Theorem 2 in [1] .
Then a is a partial isometry and EP if and only if a ∈ R # and one of the following equivalent conditions holds:
(i) a is a partial isometry and normal; 
Proof. If a ∈ R † is a partial isometry and EP, then a ∈ R # and a
It is not difficult to verify that conditions (i)-(xxii) hold.
Conversely, we assume that a ∈ R # . We known that a ∈ R # ∩ R † if and only if a * ∈ R # ∩ R † , and a is EP if and only if a * is EP. We will prove that a is a partial isometry and EP, or we will show that the element a or a * satisfies one of the preceding already established conditions of this theorem. If a * satisfies one of the preceding already established conditions of the theorem, then a * is a partial isometry and EP and so a is a partial isometry and EP.
(i) If a is a partial isometry and normal, then by Lemma 1.7, a is a partial isometry and EP.
(ii) From the condition a * = a # , we obtain
So, element a is normal. Then, by Lemma 1.7, a is EP and, by definition,
Hence, a * = a # = a † , i.e., a is a partial isometry.
(iii) Suppose that aa 
by (iii). Thus, by the condition (ii) of Theorem 2.1, a is a partial isometry.
(iv) Applying the involution to a * a = aa † , we obtain
by Theorem 1.3. Hence, a * satisfies the condition (iii).
(v) The equality aa * = aa # yields
Therefore, a is normal by Theorem 1.8. From Lemma 1.7, a is EP and, by definition, a # = a † . Now, by (v), aa * = aa † and, by the condition (ii) of Theorem 2.1, a is a partial isometry.
(vi) Applying the involution to a * a = aa # , we get
by the equality (a
Thus, a * satisfies the equality (v).
Since aa † is symmetric, aa # is symmetric too. By Theorem 1.6, a is EP and a # = a † .
Then, by (vii), a * a # = a † a # , i.e., the condition (i) of Theorem 2.2 is satisfied. Hence, a is a partial isometry.
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(ix) The condition a
Thus, aa # is symmetric, and by Theorem 1.6 a is EP. From a † = a # and (ix) we get a † a * = a # a † , i.e., the equality (viii) holds.
(x) Applying the involution to a
i.e., a * satisfies the condition (ix).
(xi) Using the assumption a
Hence, the condition (vi) is satisfied. 
